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Comparison between binary logit
model and binary probit model



Random utility models

e Random utility
an = an + Ejn
V., : deterministic part of utility
£;, - stochastic part of utility

 Conventional linear utility function
Vin = B Xin
X;, : vector of explanatory variables
[ . vector of coefficients



Binary choice models

When the choice set contains only two alternatives

* Probability for individual n to choose alternative i
P, = Prob(U,,> an)
= Prob(V, + €,,> V,, + €;,)
= Prob(e;, - €,,< V,, - V)

. Ife and g, follow normal distribution, Ein~ Ein
also follows normal distribution -> Bmary problt
model

o Ife and g, follow iid Gumbel distribution, Ein~
foIIows Ioglstlc distribution -> Binary Ioglt
model




Gumbel distribution: G(7, w)

* Probability density function
f(¢)= pexpi- uls —n)expl-exp{- uls —n)i]

— Mode = 1, Mean = 17+ r/p, variance = 2/6p?,
where r = 0.577 (Euler’s constant)

 Cumulative density function
F(g):exp[—exp{—,u(g—n)}]



Binary logit model

* If g, and g, follow G(7;, 1) and G(;, )
respectively, €;, - €;, = €, follows logistic
distribution as below

_ 1
F(gn) 1+exp{,u(77j =/ —gn)}

* Assuming 77, = 7; = O, probability to choose i is
R, =Pr(e, —&, <V, =V, )=F(V,,=V,,)
) 1 _exp(uv;,)
= 1+ exp{—y(Vin -V, )} - exp(yvin)+exp(yvjn)




Normal distribution: N(m, &?)

* Probability density function

2
1 1({e—m
f(g): \/EG eXp —E( = j

— Mode = Mean = m, variance = 2

e Cumulative density function




Binary probit model

* &,- €, =&, is assumed to follow N(0, o)

wherem=0
R = Pr(gjn — &, <V, _an)

_J-vin—vjn 1 XD _ltijz
&= \|2wo 2\ O

—®d Vin _an
- O

If V(e;,) = V(g;,) and COV(g,,, €;,) = 0 (i.i.d.),

n’

V(e,) = Vlg,,) = 02/2

de



ldentifiability of parameters

e Binary logit model:

o exp(aV,) exp (18X )
Toexp(aV, ) +exp(iV,,)  exp(uBX,,)+exp(upX,, )
e Binary probit model:

. :(D(Vin _an]:q)(ﬂxin _ﬂxjnj:q)(ﬁxm _ﬁxjnj

n
| O O O O

u and oare always connected with S
Thus, iz and o cannot be identified




Standardization

e Binary logit model: u=1 » V(e;, ) =%/6

el el
Toexp(aV, ) +exp(iV,,)  exp(V,)+exp(V,,)

e Binary probit model: =1 » Vie,,)=1/2
when V(g;) = V(g;,) and

V. -V. n
Pin _ (D In Jn — CD (Vin _V_n ) COV(g;,, ejn) =0 (i.i.d.)

Estimates of V;, = 5 X;, have different sizes
Also applies when comparing multinomial logit and probit models



Comparison between multinomial logit
model and nested logit model



Multinomial logit model

exp( uV.
_ p(,u '”) where €, follows G(0, 1)

ZJ: EXp (”an )
-1

exp(upX;,) 1 1s always connected with 3
Thus, 1 cannot be identified

in

Zjlexp(ﬂﬂxjn)

N Jexp(,BXin) standardized by =1
— 2
Sexp(px,)  View=T/6
j=1




Nested logit model

Joint choice of trip destination and e Tree structure
mode

Destinationd = {I, T}, mode m = {A, R}

Utility function:
Ugm = Va + Vin + Vam €4 + €4

Takayama (T)

V,: utility specific to destination d
V., : utility specific to mode m
V. utility specific to combination of

destination d and mode m (suchas ¢, (p) Train (R)
travel time)

g4: Stochastic utility specific to

destination d

eq4m: Stochastic utility specific to Alternativel 2 3 4
combination of destination d and {I, A} {I, R} {T, A} {T, R}

mode m



ldentifiability of parameters

EXp {:udm (Vm +Vin )}
Z eXp {/udm (Vi + Vi )}

m'e[A.R}

exp{,qu+ A n Z eXp{ﬂdm (Vm +Vdm)}}

llem me{A,R}

P(d,m)=

X

D exp{yvd.+|n > ety (Vs +Vd-m)}}

d'ellT) melA R}
e g4y, follows G(O, ugy.,,) and g, + €,,,, follows G(O, )
which means u< g,

* One of pand pg ., can be identified, and the other
should be fixed



Two ways of standardization

. udm=1»03p31 »V(8d+8dm)27c2/6

exp{yvd +uln > exp(V, +Vdm)}

me{A,R}

exp(Vm +Vdm)
P(d,m)=
(d,m) > exp(vm.+vdm.)><

m'e{A,R} Z exp{:uvd' TH In Z €Xp (Vm +Vd‘m )}

d'e{l.T} me{A,R}

e u=1 »ISpdm »V(8d+8dm)=7'52/6
exp{vd +Ln > exp{ sty (Vi +Vdm)}}

Him  me{AR)

In Z eXp{ﬂd'm(Vm +Vd'm)}}

Him  me(AR)

P (d | m) _ eXp{ﬂdm (Vm +Vim )} y

Z exp{:udm (Vm' +Vdm')} Z exp{vd.+ 1

m'e[A.R}
d'efl,T}

u=1is recommended to keep the size of 3
comparable with multinomial logit model 16




Comparison between nested logit
model and mixed logit model



Stochastic terms of nested logit model
and mixed logit model

Nested logit model * Tree structure

* Ujn=Vygt+ Vi, +Vym te4 + €y

* &ym follows G(O, “dm) Takayama (T)

* g4+ ¢y, follows G(O, )

Mixed logit model Car (A) Train (R)
* Ugm =Va* Vi + Vi €4 * €4
o

gdm fO”OWS G(O' “dm) Alternativel 2 3 4

* g, follows N(0, 64%) LAY LR} {TA) {T, R}



Stochastic terms of nested logit model
and mixed logit model

Nested logit model

* Ugm = Vg + Vi + Vg €4 + €4y
* &4, follows G(O, py,)
* g4+ ¢y, follows G(O, )

Mixed logit mode| H——)

* Ugm = Vg + Vi + Vi €4 + €4
* &4, follows G(O, py,)
» ¢, follows N(O, 5,°)

Different probability
distributions are mixed

Distributions other than
normal can be used, but
normal is often used

Standardized by p,,,, =1,
V(gy + &g4,,) = 04% + 12/6

Size of B becomes different
from nested logit model




Nested logit model

e Uy, =V,+V_+V, +g,+g4, ° Tree structure

* &4, follows G(O, py,)

* &4t &yn follows G(O, H) Takayama (T)

Utility function for each
alternative

1. Up=V+V+ V) +g + g,

Car (A) Train (R)
2. Up=V,+Vp+Vp+g + &R
3. Up=Vi+V,+Vo, +er+60,

Alternativel 2 3 4
4, U=V + VotV oter+er A LR} (T A {T, R}



Nested logit model

* Ugm = Vg + Vi + Vg €4 + €4y
* &4, follows G(O, py,)
e g4+ ¢y, follows G(O, )

Utility function for each
alternative

1. Up=V+V+ V) +g + g,
2. Up=V+Vp+V+g +¢g,
3. Up=Vi+V,+Vo, +er+60,
4

U=V + Vo + Vo +er+ 607

g iscommon foralt. 1 & 2,

so V(g,) = V(eR)

gr is common for alt. 3 & 4
5O V(eqy) = VieTR)

However, V(g)) and V(g;)
can be different

It means p,,, and pg,, can
be different

-




Mixed logit model

e Uy,=Vy4+V,+V,, +e4+ ¢4,
e &, follows G(O, 1)
exp(Vy +V,, +Vyn +&4)
> exp(Vy +Vy +Vy &)

d'm'e{IA,IR,TA,TR}

P(d,m‘g,,gT)z

o g, follows N(O, 5 °)

Pdm)=]" [ P(dmle e )Gigﬁ( 2 ] . ¢(‘9T jdgldgT

| O, Ot O7

Numerical integration is needed for 2 dimensions




ldentifiability of parameters

e U, =V +V_+V, +5,+¢g, |° Different from nested
logit model, 6, and 62
cannot be estimated
together

* g4, follows G(O, 1)
o g, follows N(O, 5,°)

Utility function for each » Considering [only

alternative difference in utility

Lo Up=Vi+ VotV tg g, matters], setting ¢/ = ¢, -
2. Up=V,+V,+ V| +g + ¢, er and g = 0 gives the
3. Up=V,+V+V, +e: 46 same [3

4. U=V +Vo+V+e+e

Then, why can both be estimated
in nested logit model?
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